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Abstrat
A new method is proposed for pratial alulation of the eetive interation between impurity satterers in superondutors,
based on algebrai properties of related Nambu matries for Green funtions. In partiular, we show that the density of states
within the s-wave gap an have a non-zero ontribution (impossible either in Born and in T-matrix approximation) from
non-magneti impurities with onentration c≪ 1, beginning from ∼ c3 order.
I. INTRODUCTION
Impurity eets are at the enter of interest in stud-
ies of superonduting (SC) materials, espeially of those
with high transition temperature (HTSC). In the gen-
eral theory of disordered systems with disorder due to
diluted impurity enters, the so-alled group expansion
(GE) method was proposed as most onsistent for quasi-
partile Green funtion (GF) [1℄, and it was also formu-
lated for SC systems [2℄.
The GE's of dierent types (see below) are analogous
to the lassial Ursell-Mayer group series in the theory
of non-ideal gases [3℄, where the partiular terms (the
group integrals) inlude physial interations in groups
of the given number of partiles. In the quantum theory
of solids, GE inludes indiret interations (dependent
on the exitation energy ε) between the impurity en-
ters, through the exhange by virtual exitations from
(admittedly renormalized) band spetrum, so that eah
term orresponds to summation of ertain innite series
of diagrams. These expansions were elaborated in a detail
for various kinds of normal quasipartile spetra, where
they dene the interplay between extended and loalized
states [4℄, however their usage in SC systems enoun-
ters onsiderable tehnial diulties due to existene of
anomalous GF's.
The present paper is aimed on an eient algorithm for
resolving these diulties. We develop the spei alge-
brai tehniques to alulate Nambu matries in various
terms of GE for the exemplary ase of s-wave symmetry
of SC order parameter, permitting to explore the impu-
rity eets in this ase beyond the sope of Anderson
theorem [5℄. In partiular, we nd that pair lusters of
impurities (2nd term of GE) an not produe nite on-
tribution into the quasipartile density of states (DOS)
within the s-wave gap, alike the simplest eet of iso-
lated impurities (1st GE term), but a non-zero ontribu-
tion into the in-gap DOS is already possible for the 3rd
GE term (impurity triples). These results allow also a
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straightforward extension to the d-wave symmetry har-
ateristi for doped HTSC materials (where the dopants
not only supply the harge arriers but also play the role
of impurity satterers).
II. HAMILTONIAN AND GREEN FUNCTIONS
For desription of eletroni spetra in a SC system
with impurities, it is onvenient to use the formalism of
Nambu spinors: the row-spinor ψ†k = (a
†
k,↑, a−k,↓) and
respetive olumn-spinor ψk, writing the Hamiltonian in
a spinor form
Hsc =
∑
k
[ψ†k(ξkτ̂3+∆kτ̂1)ψk−
1
N
∑
p,k′
ei(k−k
′)pψ†k′ V̂ ψk].
(1)
It inludes the normal quasipartile energy ξk, the mean-
eld gap funtion ∆k, the Pauli matries τ̂j and the
perturbation matrix V̂ = VLτ̂3. The impurity (attra-
tive) perturbation on random sites p with onentration
c =
∑
p 1/N ≪ 1 is desribed by the Lifshitz parameter
VL.
The energy spetrum of a Fermi system is desribed
through the Fourier transformed two-time Green fun-
tions (GF's) [6℄:
〈〈a|b〉〉ε = i
∫ 0
−∞
e
i(ε−i0)t〈{a(t), b(0)}〉dt, (2)
where 〈. . .〉 is the quantum statistial average and {., .}
is the antiommutator of operators in Heisenberg repre-
sentation. For the system, Eq. 1, we dene the 2 × 2
Nambu matrix of GF's
Ĝk,k′ = 〈〈ψk|ψ†k′〉〉. (3)
The matrix elements in the expanded form of Eq. 3 are
the well-known Gor'kov normal and anomalous funtions
[7℄. In what follows, we shall also distinguish between
the Nambu indies (N-indies) and the quasi-momentum
indies (m-indies) in this matrix. In absene of im-
purities, the expliit form of the matrix, Eq. 3, turns:
1
Ĝk,k′ → δk,k′Ĝ0k, where the non-perturbed (m-diagonal)
GF matrix
Ĝ0k =
ε+ ξkτ̂3 +∆kτ̂1
ε2 − E2k
(4)
involves the SC quasipartile energy Ek =
√
ξ2k +∆
2
k.
The relevant physial properties of SC state are suitably
expressed in terms of these GF's. For instane, the single-
partile DOS, related to the eletroni spei heat, is
given by
ρ(ε) =
1
piN
∑
k
Tr ImĜk (5)
where Ĝk ≡ Ĝk,k is the m-diagonal GF.
Now we pass to alulation of GF's in SC systems at
nite onentration c of impurity enters and analyze ex-
pliit struture of orresponding GE's.
III. GROUP EXPANSIONS FOR SELF-ENERGY
We derive GE's for the system dened by the Hamilto-
nian Eq. 1, starting from the Dyson equation of motion
for a matrix GF:
Ĝk,k′ = Ĝ
0
kδk,k′ −
1
N
∑
p,k′′
ei(k
′′−k′)pĜ0kV̂ Ĝk′′,k′ . (6)
A routine onsists in onseutive iterations of the same
equations for the GF's in the sattering terms of Eq.
6 and separating systematially those already present in
the previous iterations [1℄. Thus, for the m-diagonal GF
Ĝk, we rst separate the sattering term with the fun-
tion Ĝk itself from those with Ĝk′,k, k
′ 6= k:
Ĝk = Ĝ
0
k −
1
N
∑
k′,p
ei(k−k
′)·pĜ0kV̂ Ĝk′,k =
= Ĝ0k − cĜ0kV̂ Ĝk −
1
N
∑
k′ 6=k,p
ei(k−k
′)·pĜ0kV̂ Ĝk′,k.(7)
Then for eah Ĝk′,k, k
′ 6= k we write down Eq. 6 again
and single out the sattering terms with Ĝk and Ĝk′,k in
its r.h.s:
Ĝk′,k = − 1
N
∑
k′′,p′
ei(k
′−k′′)·pĜ0k′ V̂ Ĝk′′,k =
= −cĜ0k′ V̂ Ĝk′,k −
1
N
ei(k
′−k)·pĜ0k′ V̂ Ĝk
− 1
N
∑
p′ 6=p
ei(k
′−k)·p′Ĝ0k′ V̂ Ĝk
− 1
N
∑
k′′ 6=k,k′;p′
ei(k
′−k′′)·p′Ĝ0k′ V̂ Ĝk′′,k. (8)
Note that among the terms with Ĝk, the p
′ = p term
(the seond in r.h.s. of Eq. 8) bears the phase fator
ei(k
′−k)·p
, so it is oherent to that already gured in the
last sum in Eq. 7. That is why this term is expliitly sep-
arated from other, inoherent ones, ∝ ei(k′−k)·p′ , p′ 6= p
(but there will be no suh separation when doing 1st it-
eration of Eq. 6 for the m-non-diagonal GF Ĝk′′,k itself).
Continuing the sequene, we ollet the terms with the
initial funtion Ĝkwhih result from: i) all multiple sat-
terings on the same site p and ii) suh proesses on the
same pair of sites p and p′ 6= p. Then summation in p of
the i)-terms gives rise to the rst term of GE, and, if the
pair proesses were negleted, it would oinide with the
well known result of self-onsistent T-matrix approxima-
tion [8℄. The seond term of GE, obtained by summation
in p,p′ 6= p of the ii)-terms, ontains ertain interation
matries Âp′,p generated by the multiply sattered fun-
tions Ĝk′,k, k
′ 6= k, et., (inluding their own renormal-
ization). For instane, the iterated equation of motion
for a funtion Ĝk′′,k with k
′′ 6= k,k′ in the last term of
Eq. 7 will produe:
Ĝk′′,k = − 1
N
∑
k′′′,p′′
ei(k
′′−k′′′)·p′′Ĝ0k′′ V̂ Ĝk′′′,k =
= −e
i(k′′−k)·p
N
Ĝ0k′′ V̂ Ĝk −
ei(k
′′−k)·p′
N
Ĝ0k′′ V̂ Ĝk +
+ terms with Ĝk′,k and Ĝk′′,k +
+ terms with Ĝk′′′,k (k
′′′ 6= k,k′,k′′). (9)
Consequently, we obtain the solution for an m-diagonal
GF as
Ĝk = Ĝk,k =
[(
Ĝ0k
)−1
− Σ̂k
]−1
, (10)
with the matrix GE for the renormalized self-energy ma-
trix:
Σ̂k = cT̂
1 + c∑
n 6=0
(
Â0,ne
−ikn + Â0,nÂn,0
)
×
×
(
1− Â0,nÂn,0
)−1
+ · · ·
]
. (11)
Here T̂ = −V̂
(
1 + ĜV̂
)−1
is the renormalized T-
matrix, and the indiret interation (mediated by the
quasipartiles of host rystal) between two impuri-
ties at lattie sites 0 and n is desribed by the ma-
trix Â0,n = N
−1
∑
k′ 6=k e
ik′nĜk′ T̂ , with the sum in
quasi-momenta restrited due to the above algorithm
of separation. There are even more suh restri-
tions in eah produt of these matries: Â0,nÂn,0 =
N−2
∑
k′ 6=k
∑
k′′ 6=k,k′ e
i(k′−k′′)nĜk′ T̂ Ĝk′′ T̂ , and so on.
This seems to seriously hamper alulation of the sum∑
n 6=0 in Eq. 11 (not to say about higher GE terms).
However, the diulty is avoided, taking into aount
2
the identities for two rst terms of its expansion [1℄:∑
n 6=0
Â0,ne
−ikn = −Â0,0 +
∑
n
Â0,ne
−ikn =
= −Â0,0 + 1
N
∑
n
∑
k′ 6=k
e
i(k′−k)nĜk′ T̂ =
= −Â0,0,
and∑
n 6=0
Â0,nÂn,0 = −Â20,0 +
∑
n
Â0,nÂn,0 = −Â20,0 +
+
1
N2
∑
n
∑
k′,k′′ 6=k′
e
i(k′−k′′)nĜk′ T̂ Ĝk′′ T̂ =
= −Â20,0,
due to the momentum independene of T-matrix, and
the fat that the restritions an be simply ignored in
the higher produts, like∑
n 6=0
Â0,nÂn,0Â0,ne
−ikn = −Â30,0 +
+
∑
n
Â0,nÂn,0Â0,ne
−ikn = −Â30,0 +
1
N3
∑
n
∑
k′,k′′ 6=k′
e
i(k′−k′′+k′′′−k)nĜk′ T̂ Ĝk′′ T̂ Ĝk′′′ T̂ =
−Â30,0 +
1
N2
∑
k′,k′′
Ĝk′ T̂ Ĝk′′ T̂ Ĝk−k′+k′′ T̂ ,
et. Thus we arrive at the nal form for the renormalized
GE
Σ̂k = cT̂
[
1− cÂ0,0 − cÂ20,0+
+c
∑
n 6=0
(
Â30,ne
−ikn + Â40,n
)(
1− Â20,n
)−1
+ · · ·

(12)
where Â0,n = Ĝ0,nT̂ and the renormalized loal GF ma-
tries Ĝ0,n = N
−1
∑
k e
iknĜk and Ĝ = Ĝ0,0 are already
free from restritions. The two terms, next to unity in
the brakets in Eq. 12, orrespond to the exluded dou-
ble oupany of the same site by impurities, the sum in
n 6= 0 desribes the averaged ontribution of all possible
impurity pairs, and the dropped terms are for triples and
more of impurities.
An alternative routine for Eq. 6 onsists in its iteration
for all the terms Ĝk′′,k and summing the ontributions
∝ Ĝ0k, like the rst term in r.h.s. of Eq. 6. This nally
leads to the solution of form
Ĝk = Ĝ
0
k + Ĝ
0
kΣ̂
0
kĜ
0
k, (13)
with the non-renormalized self-energy matrix
Σ̂0k = cT̂
0
1 + c∑
n 6=0
[
Â00,ne
−ikn +
(
Â00,n
)2]
×
×
[
1−
(
Â00,n
)2]−1
+ · · ·
}
, (14)
and the respetive elements T̂ 0 = −V̂
(
1 + Ĝ0V̂
)−1
,
Â00,n = Ĝ
0
0,nT̂
0
, Ĝ00,n = N
−1
∑
k e
iknĜ0k and Ĝ
0 = Ĝ00,0.
Presenting GF's in the disordered system in the form of
GE's generally leads to respetive expansions for its ob-
servable harateristis. For instane, the impurity per-
turbed DOS is expeted in the form: ρ (ε) = ρ0 (ε) +
ρ1 (ε)+ρ2 (ε)+ . . ., related to ontributions of pure rys-
tal, isolated impurities, impurity pairs, et.
However, usage of eah type of GE, the renormalized
Eq. 12 or the non-renormalized Eq. 14, is only justied
if they are onvergent (at least, asymptotially). Sine
the matries T̂ and Â are energy dependent, onvergene
of eah type of GE is restrited to ertain energy ranges,
and these ranges are generally dierent. For a number
of normal systems with impurities, where GE's are on-
struted of salar funtions A0,n, it was shown that the
renormalized GE onverges within the region of band-
like states, well haraterized by the wave-vetor, and the
non-renormalized GE does within the region of loalized
states [4℄. To get quantitative estimates of onvergene
and higher order ontributions to self-energy, operating
with the matrix funtions Â0,n in Eqs. 12 and 14, a spe-
ial tehniques is neessary that we onstrut below.
IV. ALGEBRAIC TECHNIQUES FOR NAMBU
MATRICES
Let us expliitly alulate the elements of above dened
GE's for the simplest s-wave symmetry of the SC gap
funtion: ∆s (k) = ∆. The unperturbed loal GF matrix
is obtained as an expansion in Pauli matries:
Ĝ0 = − (ε+∆τ̂1) g0 − g3τ̂3, (15)
where
g0 (ε) =
piρ
F
2
√
∆2 − ε2 ,
denes the s-wave DOS in pure rystal: ρ0 (ε) =
(2/pi)Img0 (ε) (with the Fermi DOS ρ
F
of normal quasi-
partiles), and the eletron-hole asymmetry fator
g3 (ε) =
1
N
∑
k
ξk
E2k − ε2
≈ 1
N
∑
k
ξk
E2k
∼ ρ
F
,
is almost onstant and real.
Then we readily alulate the non-renormalized T-
matrix:
T̂ 0 =
2
piρ
F
v
1 + v2
(
τ̂3 + v
ε−∆τ̂1√
∆2 − ε2
)
, (16)
with the dimensionless perturbation parameter
v =
pi
2
VLρ
F
1− VLg3 .
3
Sine the denominator 1 + v2 in Eq. 16 an not be zero,
the quasipartile loalization on a single impurity enter
in the onsidered s-wave superondutor turns impossible
[2℄. If the self-energy is approximated by the rst term
of GE: Σ̂k ≈ cT̂ 0, then Eq. 16 used in Eq. 13 and in Eq.
5 leads to the same DOS ρ0 (ε) (that is, ρ1 (ε) ≡ 0) with
the same gap value ∆ as in pure rystal. This justies
Anderson's theorem [5℄ within T-matrix approximation
for an s-wave SC with point-like impurity perturbations.
However, even if there is no in-gap poles in the single-
impurity T-matrix term, they an appear in the following
terms of GE, that would desribe loalized states on im-
purity lusters [4℄. Thus, the pair ontribution:
ρ2 (ε) =
c2
piN
∑
k,n 6=0
Tr ImĜ0kT̂
0
[
Â00,n coskn+
(
Â00,n
)2]
×
×
[
1−
(
Â00,n
)2]−1
Ĝ0kτ̂3, (17)
should only follow from the poles of [1−(Â00,n)2]−1, sine
the matrix Â00,n (ε) is real at ε
2 < ∆2.
In fat, the long distane asymptotis of this matrix
(at n≫ a) is:
Â00,n ≈ −F0,n (ε)
(
cosϕn +
ετ̂3 − i∆τ̂2√
∆2 − ε2 sinϕn
)
, (18)
where ϕn = kF |n| + δ and the partiular forms for the
salar envelop funtion F0,n (ε) and the phase shift δ
depend on the system dimensionality:
F0,n (ε) = v√
1 + v2
√
2e−|n|/rε√
pikF |n|
, cot δ =
1− v
1 + v
, (19)
for 2D, and
F0,n (ε) = v√
1 + v2
e
−|n|/rε
kF |n| , cot δ = 1/v, (20)
for 3D, with the energy dependent deay length rε =
a2kF/(piρ0
√
∆2 − ε2).
The following analysis is essentially simplied, intro-
duing matries of the struture:
M̂(a, b) = a+ b
ετ̂3 − i∆τ̂2√
∆2 − ε2 , (21)
whih form a losed algebra with the produt rule for the
a, b omponents:
M̂ (a, b) M̂ (a′, b′) = M̂ (aa′ − bb′, ab′ + ba′) . (22)
In this notation, the interation matries, Eq. 18, are
presented as
Â00,n ≈ F0,nM̂ (cosϕn, sinϕn) , (23)
and then Eq. 22 implies an important formula for their
arbitrary produt:
q∏
i=1
Â0,ni =
=
(
q∏
i=1
F0,ni
)
M̂
(
cos
q∑
i=1
ϕni , sin
q∑
i=1
ϕni
)
. (24)
This formula permits to redue an arbitrary polynomial
of Â0,n matries to a single M̂ -matrix whose arguments
are polynomials of F0,n funtions. The next important
property of M̂ -matries is that the determinant:
det
[
1− M̂ (a, b)
]
= (1− a)2 + b2 (25)
an be zero only if the omponents are a = 1 and b = 0
simultaneously.
V. IMPURITY CLUSTERS AND IN-GAP DEN-
SITY OF STATES
The above developed tehniques permit to quantify
the eets of impurity lusters in quasipartile spetrum.
Thus, we onlude that the neessary ondition for the
pair ontribution, Eq. 17:
det
[
1−
(
Â00,n
)2]
=
= det
[
1− M̂ (F20,n cos 2ϕn,F20,n sin 2ϕn)] = 0(26)
is only possible if ϕn = piq, q = 1, 2, . . ., and F20,n = 1.
But, taking into aount the exponential fator e
−|n|/rε <
1 in Eqs. 19,20, this requires that:
2
pi
v2
1 + v2
> piq − arctan 1 + v
1− v ,
for 2D, or
v2
1 + v2
> piq − arctan v,
for 3D, whih an not be fullled at any v and q ≥ 1.
Hene there is no ontribution to DOS within the s-wave
gap from impurity pairs (ρ2 (ε) ≡ 0), the same as from
the single-impurity T-matrix, Eq. 16.
But for the next, triple term of GE, whih ontains the
inverse of the matrix (see, e.g., Ref. [9℄):
1− 2Â00,nÂ00,n′Â0n,n′ −
(
Â00,n
)2
−
(
Â00,n′
)2
−
(
Â0n,n′
)2
=
= 1− M̂ (an,n′, bn,n′) , (27)
the onditions by Eq. 25 turn already realizable. They
are expliitly formulated as follows:
an,n′ = 2F0,nF0,n′Fn,n′ cos (ϕn + ϕn′ + ϕn−n′) +
+F20,n cos 2ϕn + F20,n′ cos 2ϕn′ +
+F2n,n′ cos 2ϕn−n′ = 1, (28)
4
0.55 0.56 0.57 0.58
-0.08
-0.04
0.00
0.04
0.08
1 -a
n,n¢
b
n,n¢
k
F
n
0
n
n¢
Figure 1: An example of simultaneous solution of the two on-
ditions, a
n,n
′ = 1 and b
n,n
′ = 0, neessary for impurity triples
to ontribute into the in-gap DOS of a planar SC system. In-
set: the hosen geometry of equilateral triangle 0,n,n′.
and
bn,n′ = 2F0,nF0,n′Fn,n′ sin (ϕn + ϕn′ + ϕn−n′) +
+F20,n sin 2ϕn + F20,n′ sin 2ϕn′ +
+F2n,n′ sin 2ϕn−n′ = 0. (29)
The easiest loalization of quasipartiles of ourse is ex-
peted at the very edge of the gap: ε → ∆, where
e
−|n|/rε → 1. Then, e.g., for v ≈ 1.728 it is ahieved
with |n| = |n′| = |n − n′| ≈ 0.566k−1F , as shown in Fig.
1, and it an be also reahed for lose values of v by small
adjustments of the distanes.
One suh a pole exists, we an introdue in the on-
guration spae of triangles 0,n,n′, in the viinity of this
pole, the eetive variables:
r =
√
(1− an,n′)2 + b2n,n′, ϕ = arctan
bn,n′
1− an,n′ ,
and a ertain z, independent of r, ϕ, arriving at the gen-
eral form for ρ3 (ε) as an integral
ρ3 (ε) = c
3
Im
∫
F (r, ϕ, z)
r
dr dϕ dz =
= 2pic3
∫
F (0, ϕ, z)dϕ dz.
Here the funtion
F (r, ϕ, z) = 2(az,ϕ cosϕ+ bz,ϕ sinϕ)J(r, ϕ, z)
ontains the M̂ -algebra oeients az,ϕ, bz,ϕ related to
a ertain matrix numerator in the triple GE term (see
its expliit form in Ref. [9℄) and the Jaobian J(r, ϕ, z)
of transition from n,n′ to the eetive variables. Apart
from tehnial details of alulation, this ontribution ∼
c3ρ
F
an be routinely obtained.
It should be noted however that the above approah
uses the asymptotial form, Eq. 18, of interation fun-
tions, so it is only justied if the resulting poles, like that
in Fig. 1, are related to long distanes n ≫ a. This is
easier ahieved if ak
F
≪ 1 for the host rystal, as is the
ase for HTSC systems, but hardly for ommon s-wave
superondutors. In the latter ase, the nite in-gap DOS
should result more probably from high enough terms of
GE.
Another important aspet is the analysis of onver-
geny of matrix GE's, Eqs. 12, 14, permitting to distin-
guish between band-like and loalized spetrum areas in
the non-uniform SC system. This an be realized, using
the above estimates for the non-renormalized funtions
Â00,n and T̂
0
as approximations for the renormalized ones
Â0,n and T̂ in the region of band-like states ε > ∆.
A similar algebrai tehniques an be also developed
for the d-wave SC systems, related in that ase to the
impurity resonane states. In this situation, the higher
DOS orretions ρ2,... to non-zero ρ0+ ρ1 within the gap
an be not so pronouned as for the zero-bakground ase
of s-wave system. Nevertheless the important riteria for
GE onvergene an be obtained, permitting a more on-
sistent validation of T-matrix approximation and demar-
ation between band-like and loalized states, ompared
to the reently suggested hek based on the phenomeno-
logial Ioe-Regel riterion [10℄.
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